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⑤ Introduction (Spiral crystal growth) (UW-Madison)

5. AmelinakSpiral appears in (1951 , Nature)

Crystal growth , Belowsor-Ehabotinsky reaction etc.
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Crystal Growth by screw dislocation

⑨

I

Burton-Cabrera-Frank (1951) established a theory of crystal growth.

The front moves according to V = Up (Pak + 1) on Me.

Here
, V : outward normal velocity,

↑t : a curve in IR2

K : curvature

Mp>0 : velocity of straight line steps
given I P> O : critical radius for the generation of two

dimensional

kernel from supersatulation.
②



View from above
M A naive way to describe this behavior

in to use the polar coordinate

r T = ((rsO , rsino) /r30 , 0eR① >

U(r , t) - 0 = 0 mod 22 S
for some function U : (0 , H) x [0 , 4) -> R .

# rUt =
rUrr

1 + r2 Ur
+ un(trun) +c for Croxlol

&
Ref

. Giga-Ishimura-Kohsaka (2002)
Forcadel - Imbert - Monneau (2012 , 2015)

A phase-field approach : Karma-Plapp (1998)

Ogiwara - Nakamura (2003)

If there are multiple spirals , the polar coordinate never work !
⑬



Level set approach based on the theory of viscosity solutions.

Sell-ing /
Let & CR" be a bounded &"domain,DW : = 11 Blair

W

for ajec , r > 0 (small) with
&

#ai, r) e B(ag , )
= 0 If it j al /,

Consider a sheet structure function

()= mjarg( -a multi-valued
function

where
mj = <1903 are given.

⑪



Note that DO is single-valued .

Indeed,

DO() = ( mj( - ( - aj , + , x - aj ,)
j = 1

(x - ajkz
-

Now ,
let's consider

Ut = (dir(D(u -0)) + C(x)(b(u
- 03) in Wx(0 , 1)

1D(u - 03/ (
D(u - 0) . n = 0 on 2W x 10 , 0

(N) I
u(. , 0) = No on i

where UoE (
"

(N) with D(uo-0) · M = 0,
(Al) & ced' (i) with C() > 0 Face

#

.

⑮



Known Results.

Outsuka (2003)
, Goto-Nakagawa-Ohtsuka (2008)

establish the well-posedness (Existence/Comparison principle).
Numerical results by Outsuka - Tsai -Giga (2015 , 2018) .

Smerka (2000)

Th ,+) = u( ,t)

Our interest is a behavior of

the height function h.
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Definition of h. Let

⑪ (x) := My, k) ,

where #
;
is the principal value of arg(x-aj),

take k(x , +) e so that

- i = u(t) - ((() + 2πkkt)))π
For ho > o (the unit height of step) ,

define

h(x , +) :=h +2) + sign(mt)-(ER)
=> hot)""U(it)

⑮



Our goal .

Want to understand

(a) Existence of the asymptotic speed ,
that is,

I

lim h(x) , t)
?

t
t- + A

(b) Qualitative/Quantitative properties
of the asymptotic speed .

&



Ut = (dir(p1-ps) + <(1) (PIN-0)
Main Results (N) & (D(u- 01/

D (u-0) · n = 0

41 , 0) = No
.

Thm ! Assume (Al)
.

There exists a constant Sc([0 , 4)

So to max U(x ,+)lim xN - So
+ - + A

t

=> To show the existence of U(x ,t )

lim t S

+- +4

it is important to the time-global Lipschitz
estimate of U.

⑨



Thm2
.

AssumeAl holds , and

(A2)
= 870 siti

C(x)" - C(D(()) - 2 Co(C)) - 800 0

whereCo : = max Id , t 3,
D : = max)-X)X is a curvature at 12)

Then =

L = L. (Knolls IIDOlle ICIdi , Co , Ko , 6) > o

S .t
.

1(U+ 110(wx(0 ,0)) + 11DU/ 20(wX20 . 07)
L

Rem
->
If (A2) does NOT hold , Fexample to show that u is not

time global Lip. conti Do



Thm3
.

Assume All , (A2) hold ,
and let Sco

,0) be

the constant given by
Thm1. Then,

u(x) , t)
-> Sa uniformly for xe ast + +r.

t

Moreover,
list
t

-> uniformly for east-

Comment. So is an important object to
be studied

more deeply.

⑪



Example. Assume N = 2
,
al = 10 , 0)

,
az = ( - 1 , 0)

for some
1 ~

Bles , Rol

# -
0 r < l = Ro = max C

Oand mi = - Me. Y Y
>

=> Inactive pair
al
vi az

Oe & B(5 , Rol

Assume that interfere (F:)

& in a domain like the

picture.

Then
,

u ie bounded
.

In particular , Sc = 0.
⑫



Remark · When ((x) = c < (0 , b)
,
this result in announced

by Outsuka (2013 , Oberwolfach report).
· Burton-Cabrera-Frank (1951)

EWe can expect 8 0 O if I is large enough ,

and

This is still OPEN (Numerically ,
see

Outsulca-Tsai-Giga (2015)
.Also

,
BCF given an interesting observation.



· Assume N = 2
,
al = 11 , 0)

,
ac = (-1 , 0),

mi = Mz = 1

-O
↳
O

In this setting , intuitively C C
it seems that two spirals
accelate. However

,
even to prove S>

0

i hard /OPEN)·

=> Find a good barrier function (subsol) from below.

E Hand !



Thm 4
.
Assume (Al , Al) hold , and Sc

= 0.

Then
, NE Lip (E2) s .t .

Ult) -> ↓ in CSI)
as+ -> + M

,

where

-(iv) Pi)
+ co IDI-o = 0 in w(

D(v-0) · M = 0 on GW.

Rem
. When ScTO ,

the large time behavior for (N)
is rather open.



Example (Special Sol)

N = 1
,
m. = 1

, a ,
= 0

,
W = B(OR)( Bloir) , <(1) = (d) .

Assume U0(1 = g(i) for some ge <"(R2).
Then , Up ,t) = g(R-+) + t Kilfor F(x ,+) X [0 . 0)

,

where

Er = (los-sig
&em Note that UK ,+) - + does NOT converge ast- + 0

.

This is a new type of special solution associated with (N)
as far as I know .



Thanks for your attention
I




